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Numerical analysis of the thermal
convection for Herschel-Bulkley fluids
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This article presents a numerical analysis of the laminar forced convection in a cylindrical
duct for a thermodependent Herschel-Bulkley fluid. Two boundary conditions are con-
sidered: constant wall heat flux and constant wall temperature. Both fluid flow and heat
transfer are studied. The governing equations are solved using the finite difference method
with an implicit scheme. It is assumed that all fluid properties other than consistency K,
are constant. The K-Trelation used is K = K, exp (— bT). The results obtained enable us to
characterize completely the dynamic and thermal fields structure. For a practical use of the
computed results, correlations for local Nusselt number and pressure gradient are proposed
taking into account the modification of the wall shear rate induced by the rheological

properties and the temperature-dependent character of the fluid.
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Introduction

In industries such as food. chemical, polymer, and pe-
trochemical processing, non-Newtonian fluids are subjected 1o
some thermal processing. Generally. the physical properties of
these fluids are very sensitive to temperature. This has some
effects on the velocity profile and the radial temperature profile.
and therefore. on the pressure drop and the heat transfer
rate. The case of Ostwald fluids, thermodependent by
their consistency K, has been dealt with in many publications.
However, few studies have been dedicated to the yield stress
fluids. although they are frequently encountered in food and
chemical industries. The present article intends to contribute
to the study of the thermal convection in a pipe for
a fluud whose rheological behavior can be described
by the Herschel-Bulkley law: t = ¢, + K|+|". Bird et al. (1983)
have given a list of some materials that fall into this category
of fluids (e.g.. coal/Newtonian liquid. applesauce. etc.). All the
physical properties of the fluid are assumed to be constant.
except for the consistency K. Two boundary conditions have
been considered: constant wall temperature and constant
wall heat flux. For each of these boundary conditions,
the dynamic and thermal fields structure is analyzed,
respectively, through the evolution of the velocity profiles and
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that of the heat transfer coefficient. Correlations are presented
that link the pressure gradient and the heat transfer coefficient
to the dimensionless numbers relative to the flow, to the
heating conditions, and to the rheological properties of the
fluid.

Literature review

In the beginning, the theoretical studies dealing with
heat transfer for non-Newtonian fluids were based on
the assumption of temperature-independent physical prop-
erties. Pigford (1955) employed the Lévéque method, which had
been successfully applied to nonisothermal flow of Newtonian
fluids in cylindrical pipe. Lyche and Bird (1956) and Whiteman
and Drake (1958) extended the second Graetz problem to
power-law fluids in circular tube, and Hirai (1959) and Wisler
and Schester (1959) presented the solution of the Graetz
problem for Bingham fluids. Others who have considered the
case of the simultaneously developing dynamic and thermal
boundary layers are Chandrupatla and Sastri (1978) for a
pseudoplastic fluid. Lin and Shah (1978) for a Herschel-Bulkley
fluid, and Vradis et al. (1992) for a Bingham plastic
fluid. However. most fluids encountered in the food
industry have a high Prandtl number, the predictions
of heat transfer parameters can be achieved by considering that
the flow is established through the entire length of the duct
without involving significant error. To take the variation of
rheological properties into consideration, especially the
consistency K, with temperature, Metzner et al. (1957)
suggested, for an Ostwald fluid with a constant wall
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temperature heating, an empirical correction factor similar to
that used by Sieder and Tate: Nu = 1.16(x/2X ") ALV 3(K, /
K014 for X < 0.02. The factor A is the ratio of the wall
shear rate to the one that would be obtained for a Newtonian
fluid at the same flow rate. It represents the modification of the
wall shear rate attributable to the rheological properties of the
fluid. The correction factor attributable to the variation of the
consistency with respect to temperature is (K /K ,)°'*. Another
expression of this factor for the mean Nusselt number, was
proposed by Kwant et al. (1973a and 1973b). It is given by
1+0271 Ln ®+0023 (Ln @) with & =(1 — KT, -
THY(X =/ 0.6) "7~ T2 where % is a function of n and b
(T, — T). In the case of constant flux heating for an Ostwald
fluid, Mizushina et al. {1967) showed that the exponent of
K, /K, is a function of the power-law index n and proposed a
correlation of the form: Nu = 1.41(n/2X *)! 3A! 3K /K )01
for X+ <0.05,and Nu=4.36A"(K /K )> " for X = > 0.05.

Joshi and Bergles (1980a and 1980b). from a theoretical
development and experimental tests, proposed another
expression of the consistency ratio power in the thermal
entrance region: 0.58-0.44 n. When the thermal regime is
developed. the correction factor was given by a second order
polynomial in (h¢,D/27), where b characterizes the variation of
the consistency with the temperature K = Kqexp( — bT).
From the numerical solution of the conservation equations and
based on the test results of Scirocco et al. (1985). Kahine et al.
(1993) offered a more useful correction factor, given by
(b, Dj22)0 14"

In the case of the yield-stress fuds, Forest and
Wilkinson (1973) have supplied diagrams giving the evolution
of the Nusselt number as a function of the Graetz number with
dimensionless groups specifying the temperature dependence
effect and the rheological properties and the wall conditions as
parameters, The authors gave neither any correlation nor any
results concerning the pressure drop. Moreover, the range of
the rheological parameters considered is rather limited. Naimi
et al. (1990) have presented the effect of the dimension of the
plug core on the corrective factor. They mentioned,
experimentally. in the case of an annular geometry, that an
increase of the plug core width leads 10 a decrease of the
thermodependency effects. The last point has not been studied

from a quantitative point of view. This bibliographic review
shows the necessity of a supplementary study for temperature-
dependent yield stress fluids, which we have performed
numerically.

Basic equations

The fluid is incompressible and thermodependent by
its consistency K. The viscous energy dissipation is
considered, and the axial diffusion is neglected in com-
parison with the radial diffusion. At the entrance of the heated
region (z = 0), the flow is fully developed, and the fluid
temperature is constant and uniform. The coordinate system,
the axial and radial components of the velocity, are illustrated
in Figure 1. The following dimensionless parameters are
used:

u L U
U=+ V= Z:pf—dA Pziél
U, Uy Ho pU3
— TCp . / pUgr
Ho = 0= ,2'”: L= L =
Ho U; 1eCp Ho
pU,R pU,y
o = N =
Lo Ho

where y = R —r. and Y = 5, — 1. The apparent viscosity of
the fluid calculated at the local temperature T is u,, and p,
corresponds to the apparent viscosity calculated at the wall
shear rate for a fully developed velocity profile and at the inlet
temperature T,.

The problem is governed by the following equations:

Continuity equation:

- -

{ ¢
mty+ W) =0 1)
cZ 7 Y ! (

Z momentum equation :

e U P11 U ,
N e TR @
(Z Y ‘Z ndcY Y

Notation

relative radius of the plug core (nonsheared zone)
ap = R/R

K = K exp(— bT)

specific heat. J-kg™! C !

Brinkman number Br = uoU [ AT, — T,)]
diameter of pipe, m

fluid consistency, Pa-s"

reverse of the power-law index

power-law index of the fluid

local Nusselt number

pressure, Pa

dimensionless pressure

radial coordinate, m

radius of pipe, m

outer radius of the plug core, m

axial velocity, m/s

dimensionless axial velocity

average velocity of the flow. m/s

inlet temperature, C

=
=]

i~

«
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radial velocity, m/s

.
v dimensionless radial velocity

X'  Cameron number X* = 2iz/pCpU D>

v radial coordinate v = R — 1 (m)

z axial coordinate, m

Greek

A*  wall shear rate compared to that of a Newtonian fluid
n dimensionless radial position

u viscosity, Pa s

0 fluid density, kg-m™*

T, yield stress, Pa

¢,  wall heat flux density, W-m~?

Subscripts

e Inlct

m bulk

New Newtonian

p wall

cp constant physical properties
vp  variable physical properties
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r * pipe wall
y ’
Y flow
u
0 axis

Figure 1 System of coordinates

Energy equation:
co 01 el LT _[eu]?

Uso v Ve = — e o [+ a,| . (3)
A Y yéy y cY

Continuity equation in the integral form:
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Rheological studies performed by Nouar et al. (1994)
and Naimi et al. (1990) on a model fluid that could
represent a large range of liquid foods show that these
fluids are thermodependent essentially by their consistency K
within a range of temperatures 10-60 C. The relation K- T
adopted is K = Kexp(—bT). The temperature dependency
of the yield stress 7, and the power law index n is weak
compared with the temperature dependency of the consistency
K and, thus, can be ignored. According to Forrest and
Wilkinson (1973), the yield stress is caused by the fact that it
mainly depends on a mechanical locking of the fluid. which is
essentially temperature independent. This is a possible explana-
tion of the weak temperature dependency of the yields
stress. Nevertheless, for higher temperature, t, may be sensitive
to temperature.

The boundary conditions for U, V. and 0 are as
follows:

Un, Z=0=U,,.0nZ=0 =10, {6a)

The fully developed axial velocity and the inlet temperature are
U, and 8, respectively.

oU o i

— =020=—n=0.2y=Vinp=0.2)=0

n an
(6b)

;o
UY=02)=WMNY =0,2)=0; ‘Y(Y =0, Z)
= - fb—";‘ or MYy =0.2)=10,
U7

(6¢)

Where ¢, and 0, are, respectively, the wall heat density flux
and the dimensionless wall temperature.
The established axial velocity profile U, is given
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by the following relation:

and U= f 0<  <ap
w No

where ap = 1,/n, = R/R; R, is the outer radius of the plug core.

and

{ —ap)*  ap(l —
w=1-2 : p)ﬁ + P(7 ap} com=1/n
m+ 3 m+ 2

The relative dimension of the plug core ap can be calculated
from the following relation:

T : dU.q\"
ap = with 1,=1,+K

T, dr /.,y

After some manipulations, ap is, thus, the solution of the
following equation:
KU ,/R)"
= 1y
ap 70"

‘1 _ UP)'H 1

Numerical solution

For the purpose of computation, it is not necessary
to distinguish a state of shear (7 >0) and a state of
absolute rigidity (?=0). It is assumed that at very
low shear rates, the fluid behaves as a Newtonian
fluid with a very high viscosity, and that above a
critical shear rate () a transition in behavior oceurs;
namely, vielding. After yielding, the fluid takes an apparent
viscosity u, defined by the following:

Cul ™t

i n—1
Ba =Ty + K

or

-

cr

This biviscosity model is a convenient method of modeling
materials with yield stress, which was adopted by several
authors (O’Donovan and Tanner 1984). The analysis showed
that for {Cu/cr) < 1073 s7 !, the results are quite insensitive to
the cut-off value. In the present work, a value of
(Cuser), =107 %¢ ! is used.

Equations 1-5, as well as the associated boundary
conditions, were solved by means of an extension of
the lincarized implicit finite difference of Bodoia and
Osterle (1960). The axial convective term is approximated by
the upstream difference and the radial convective and
diffusional terms by the central difference. The integral
representation of the continuity equation is determined by the
trapezoidal rule of numerical integration. After some
modifications, the finite difference equations form a tridiagonal
matrix equation that can be solved efficiently by the
Thomas algorithm,

Results and discussion
To discern the effect of the non-Newtonian behavior
from that attributable to the temperature-dependent con-

sistency on pressure drop and heat transfer, a numerical study
in the case of constant physical properties is performed.
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Temperature-independent consistency K

Assuming constant physical properties. the analysis of the
thermal convection for a Herschel-Bulkley fluid enables us to
determine the correction factor Nu, . /Nuy,. that in-
corporates the modification of the wall shear rate by the
rheological properties. For power-law fluids, Mizushina et al.
{1967) have suggested to take the non-Newtonian behavior into
consideration on the heat transfer by multiplying the
Newtonian Nusselt number by A'?. where A is the
ratio of the wall shear rate compared to that which
would have been obtained for a Newtonian fluid at
the same flow rate. Joshi and Bergles (1980a) have
confirmed this non-Newtonian correction for both entrance
and fully developed regions, with a maximum deviation of 2%
obtained for n =025, This has led us to examine, for the
Herschel-Bulkley fluids, the possibility of a correction by A*! ¥,
where A* has the same meaning as A. and is given by the
following:

1 m+1
A* = : Nu

= : = A*'HNuy,., (7
4 1 — ap,

n.oap
where Nuy,,, 1s the Newtonian Nusselt number.

We have observed for n < 0.25, and ap, > 0.7 deviations
between the Nusselt number calculated from Equation 7 and
that evaluated numerically. For example, for n = 0.25. and
ap, = 0.8, a deviation of 16% is obtained at X* = 1072 A
correction can be anticipated by using the asymptotic Nusselt
number Nu, (the expression of Nu, is too long and is given
in the Appendix). Nu/Nuy,, = Nu, 4.36. However. this time.
deviations appear for the low values of X *. A systematic study
was performed for n ranging [rom 0.1 to I and ap, from 0 to
0.9. 1t indicates that the non-Newtonian correction A*'? or
Nu, can be used in the entire duct, if n ranges from 0.3 to 1.
and ap, is less than 0.7. This conclusion is valid in the case
of constant wall temperature as well as constant wall
heat flux. The pressure drop can be characterized by
the pressure gradient obtained in isothermal situation
and for a fully developed axial velocity profile: (— dp:d:-),.
w = 21 /ap R.

Temperature-dependent consistency K
Constant flux heating.

Axial velocity profile. 1t 1s well known that along a
heated wall and under the effect of the decrease of
the consistency K close to this wall, the wall shear
rate increases. and the centerline velocity decreases because of
the flow conservation. The relative radius of the plug core
increases until it nearly fills up the whole scction of the pipe.
The asymptotic profile of axial velocity is almost flat and the
reduced axial centerline velocity is then close to |.

As an example, Figure 2 gives the cvolution of the axial
velocity profiles along the heating zone for ap, = 0.38: 1 = 0.5:
b¢,D/2/. =15 and for various axial positions. The axial
velocity profiles intersect at the same point M until the axial
position where the plug core reaches this point. Beyond this
point, this property is no longer confirmed. On the
contrary, for Ostwald fluids, the velocity profiles intersect at
the same point on the whole length of the heating zone, as
shown in Figure 3. This intersection point separates the zone
where there is an increase of the axial velocity from the zone
where there is a decrease of the velocity.

A more convenient way to characterize the modifications of
the axial velocity profile is to represent the evolution of the
reduced axial centerline velocity U,,,, = U (4 = 0, Z) along the
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r/R

Figure 2 Evolution of the axial velocity profile along the heating
zone, case of constant flux heating: n = 0,5; ap, = 0,38, f =15 (@
is X*=0;, O is X*=4510"% [ is X7 =2710"% A is
X*=6710"% Vis X*=1310"3 @ is X* =2710°3; and
Ais X" =9810 2

u/ Uy

( L L L L .

0 0.1 0.2 0.3 04 Q.5 0.6 07 08 .9 1
r/R

Figure 3 Evolution of the axial velocity profile along the heating
zone, case of constant flux heating: n =0,5; ap,=0; f =15 (@ is
Xt =0, C is X"=4510"% [3 is X" =2710"% A is
X" =6710 % Vis X*=1310"3% @ is X*=2710"3; and
Ais X =9810 2

heating zone. As an example, Figure 4 shows, in semilogar-
ithmic coordinates, the evolution of U_,, as a function of the
Cameron number X ¥ for n = 0.5; b ,D/2/, denoted by ff = 15
and for eight values of the relative size of the plug core ap, going
from 0 to 0.69. The “irregularitiecs™ observed at the
establishing of the dynamic regime correspond to the axial
position where the plug core reaches the intersection point of
the axial velocity profiles. We can note a discontinuity for U
when ap, tends toward zero.

In opposition to the Forest and Wilkinson indication (1973),
it 1s possible to determine a pseudodynamic entrance length
Xe’ as the distance from the inlet section, for which the
centerline velocity is equal to 1.01 of the limiting value.
Figure 5 shows the evolution of the pseudodynamic

maxs
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Umax

Figure 4 Evolution of U, along the heating zone, case of
constant flux heating: n =05 and =15 (¥ is ap.=0; A is
ap,=004; @ is ap,=0.18; @ is ap. = 0.29: V is ap, = 0.38; V
is ap, = 0.52; A is ap, = 0.62; and C is ap, = 0.69)
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*
+
0 " L L L n L 1 L .
1

0 0.1 0.2 043 0.4 0.5 0.6 07 0.8 09
ape

Figure 5 Pseudodynamic entrance length Xe* wversus the
dimension of the plug core ap,, case of constant flux heating:
f=16(Oisn=1,%isn=05; and + is n= 0.25)

entrance length Xe' for =15 and for three values of the
power-law index n =1, 0.5 and 0.25. The numerical results
show that: (1) X} decrcases when ap, increases and tends
toward zero when ap, tends toward 1: (2) a discontinuity
appears at the abscissa point ap, = 0, as Xe* scems to increase
when ap, tends towards zero: whereas. for ap, = 0, the valuc
of Xe* exists and is equal to 0.013: (3) when the power-law
index decreases, the fluidification becomes more important, and
development of the dynamic field approaches very fast: (4) as
for the effect of the dimensionless grouping i is concerned. it
favors the developemnt of the thermal and dynamic fields. Once
more, for a yield stress fluid X increases when f tends toward
ZET0.

Pressure drop. In an isothermal situation, the pressurc

gradient (dp/dz),, 1s given by: ( — dp/dz),,, = 2t/(up,R). In the
presence of heating and in order to underline the effect of the
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thermodependency, it is agreed to consider a ratio of (dp/dz)
to the gradient of isothermal pressure. This ratio is also equal
to the ratio Cf* of the friction coefficient to the isothermal
one. As formerly, Cf* depends on n, ap,, B, and X*. In
Figure 6, — log Cf* is plotted against Cameron number X *
for eight values of the relative radius of the plug core ap,.
Because the viscosity is decreasing with temperature, Cf* is
lower than 1. Moreover, for each curve, three parts can be
distinguished in the evolution of Cf* versus X *. Firstly, a low
evolution with X™, close to the inlet section because of the
progressive increase of the wall temperature, then an
cxponential decrease of Cf*, and last, a nearly constant value
corresponding to the development of the dynamic field. When
the dynamic regime is established, —dp/dz is equal to
2r/R. and Cf* =ap,. Figure 6 also shows that the
more the plug core dimension is important, the less
the thermodependence effect is marked. The effect of f, of
course, contributes to a decrease of the pressure drop. The
power-law index has practically no effect when it varies between
0.5 and 1.

It is useful to present the results as correlations.
In the thermal entrance region, a simple idea consists in writing
that Cf* is equal to what would be obtained for an Ostwald
fluid when ap, =0 and is equal to | when ap, = 1. If we
anticipate a linear evolution as a function of ap, between these
two limits, we will be able to write the following:

Cf *(up‘ £0) = Cf*(up,,:m[] - (Jpl,] + ap,
with (8)
Cf ™, =00 = expl — 2,54(X )7 004]

However, we can observe that the relation (8) can
also be applied to large values of X*, where the
dynamic field becomes developed, and Cf* = ap,. Last, we
have checked that the maximal deviation between the values
given by the correlation (8) and the numerical results is of 5%
for0<ap,<0.7,03<n<!and375< <375

The relation (8) gives also the evolution of ap(X *), because
Cf* = up,/ap(X ). If we consider the position of X * measured

-Log[(dp/dz)/(dp/dz) i)

X+

Figure 6 Evoiution of the reduced pressure gradient along the
heating zone, case of constant flux heating: n=0.5; f =15 (¥ is
ap.=0; Ais ap,=0.04; B is ap.=0.18; @ is ap, = 0.29; V is
ap. =038, A is ap,=052; 7] is ap,=0.62; and O is
ap. = 0.69)
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from the inlet section for which, for example ap(X *) = 0.9, we
find:

1 ap 1:0.64
N .
2.58 91 — ap,)

This expression indicates that the establishment length of the
dynamic regime tends toward the infinity when ap, or f§ tend
toward zero, as mentioned in the previous paragraph.

Heat transfer. The flow structure depends upon the size of
the plug core, on the power-law index, and on the dimensionless
grouping f. Therefore, it is the same for the exchange rate.
Figure 7 illustrates the development of the temperature
profile along the pipe for f = 15. n = 0.5, and ap, = 0.38. The
evolution of the thermal boundary layer 6(X ) and of ap(X ™)
have also been represented. The axial position where the
thermal boundary layers meets the plug core has been
identified. The corresponding axial velocity profile has been
brought to this position. The thickness (X 7) is defined as the
distance from the wall for which 8, — 0(8) = 0.99(0,, — 0,).

As far as the heat transfer rate is concerned, Figure 8 gives
the evolution of the Nusselt number against the Cameron
number for f =15, n = 0.5, and ap, = 0.38 and for six values
of f: 3.75; 7.5, 11.25; 15: 22.5: and 37.5. Three areas can be
distinguished. In the first area, the Nusselt number decreases
from the inlet section onward because of the increase of
the thickness of the thermal boundary layer. The second area
is an area of transition, where for some values of ap, and f (see
the curve relative to f§ = 3.75), the Nusselt number decrecases
until it reaches a minimum. [t then increases because of the
increase of the wall shear rate. The third area corresponds to
the development of the thermal regime where the Nusselt
number tends asymptotically toward a limiting value equal to
8. This latter value is related to the fact that the asymptotic
velocity profile is flat. In the nonthermodependent case, the
asymptotic Nusselt number Nu,. depends upon up..
In Figure 8 also, the classical result relative to the
increase of the Nusselt number with the dimension-
less grouping f can be found. The effect of ap, is
characterized. on the one hand, by a modification of

0.9
0.8
0.7
Q.6
-3
-~ 05
e
0.4
0.3+ ;———-—— B
w /Uy
0.2r t—————-‘ 4
|
Q.1 :—~———-——- b
|
0 L ) L o " L L
0 0.001 0.002 0.003 0004 0005 0006 0.007 0008 0009 0.01
X+

Figure 7 Structure of the thermal field, case of constant flux
heating: n=05; ap,=038; =15 (1) X* =09 10°3;, (2)
Xt =310"3 (3) X*=4810"3 and (4) X =810 3

228

Nu

0 .
10
10°® 10

X+

Figure 8a Evolution of the local Nusselt number along the
heating zone, case of constant flux heating: n = 0.5; ap, = 0.38 (O
is #=375 0is f=750; Ais f=1125,Vis f=150; @ is
f=2250; and Hll is § = 37.50)

correlation

Nu ( experimental) / Nu ¢

0.1 L P S R T S S S S U

10! 10" . 10?

Figure 8b Comparison of the numerical results with the
experimental data

the axial velocity profile, and on the other hand, by a
decrease of the effects of thermodependency. The more ap, is
important. the less the thermodependency effect is significant.

If we take as a basis an extension of Lévéque method for the
yield stress fluids, it is possible to write in the thermal entrance
zone Nu ~ @)X 713 (~ means proportional); @, is a
dimensionless wall shear rate. Combining non-Newtonian and

consistency variation corrections, we can write:
o D

LA ALY

p.New
0]

p.New p.cp

®, =0, = —A*AO

Ny

p.New

The ratio of the nonisothermal to isothermal wall velocity
gradient of the yield stress fluid is A" It accounts for the
modification of the wall shear rate with the variation of the
consistency K with temperature.

In the thermal entrance zone, the Nusselt number
can be written as follows:

X+ -1/3
Nu = 1.64[ — —
A*¥N

with
Afl 3 — /;1
and

% =(0.13 — 0.085m)-(1 — ap,)-[2.3 — 1.3(1 — ap,)]
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In setting up a correlation, we take care to introduce
dimensionless groupings to make their use more convenient.
Thus, in the former equation, the grouping h¢,D;24 intervenes
rather than the ratio of the consistencies K,,/K ,. The expression
of A’ shows once more that the effects of thermodependency
decrease in the presence of a yield stress. This result
has been qualitatively mentioned by Naimi et al. (1990).

When the thermal field is established, the Nusselt
number is practically equal to 8. Following Churchill
and Usagi method (1972), a unique correlation on the
whole length of the pipe is searched as follows:

X\ LN
Nu=38| 1+ 0.205( )
A'A* /

The optimal value of { is the one that enables us
to approach the numerical results as close as possible.
We find ¢ = 3. Last, the former equation can be written as
follows:

AA*]?
Nu = 8[1 + 8.61.107° 5 } (9

for 002 <ap, <07:03 <n< 10 and 3.75< f <375

The maximum deviation of the heat transfer coefficient
calculated from Equation 9 and the numerical results is 15%.
This maximum is obtained at X* = 10" *andat X* =510 *
Figure 8b shows a comparison between the numerical
correlation and experimental results of Nouar et al. (1994). For
the majority of the points, the difference is less than 15%.

Heating at constant wall temperature.

Axial velocity profile. Far downstream. the temperature
becomes uniform across the tube at a value approaching 7,.
and the axial velocity profile is then fully developed. If the fluid
had had no yield stress, the velocity profile would have reverted
back to its isothermal value when the temperature became
uniform across the tube. However, the existence of a yield stress
and the change in the wall shear stress changes the dimension
of the plug core, so the asymptotic axial velocity profile is not
the same as that at the inlet to the heated section.
The redistribution of the flow takes place in two stages.

(1) In the first stage. the wall shear rate increases, and the
centerline velocity decreases. Nevertheless, the shape of the
axial velocity profiles is different from that observed in the
case of a constant flux heating. A high increase of the wall
shear rate occurs, because the tube wall is subjected (o a
sudden increase in temperature at the start of the heated
section.

(2) In the second stage. the axial velocity profile that is flattened
tends toward a developed profile. This second stage is
characterized by a decrease of the wall shear rate and an
increase of the centerline velocity.

As with constant flux heating, it is more convenient to
represent the evolution of the axial velocity profiles through
the evolution of U ., along the heating zone. The dimensionless
parameters that rule the problem are: the power-law index n:
the dimensionless number, §' = K(T, — T,}; and, of course, the
relative width of the plug core ap, at the inlet of the heating
zone. In Figure 9, the evolution of U ,,, has been represented
according to X * for n = 0.5; f = 1, and for various values of
the size of the plug core. The minimum of each curve
corresponds to the higher limit of the first stage in the
redistribution of the flow. In this case. it is possible to definc
another pseudodynamic entrance length Xe'. representing
the extension of the first stage. If we analyze the effect of the
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various parameters n, ap,, and f§ on Xe, we observe that: (1)
the extension of the first stage is as consequent as ap, is low,
when ap, = 0, no discontinuity is observed; (2) a decrease of
the power-law index leads to a smaller extension of the first
stage; and (3) the more the dimensionless number § is large,
the more Xe; is low. In the second stage, the higher ap, is, the
lower the evolution of U, ,, following X is

Pressure drop. As previously, we consider the evolution of
the ratio (dp/dz) on (dp/d:z),, written as Cf* along the heated
section, which depends upon n, ap,, and f. In Figure 10,
—log Cf* is plotted against the Cameron number X * for eight
values of the relative width of the plug core ap, going from 0
to 0.69. As with constant flux heating, the increase of ap, cuts
down the effects of thermodependency. As for the effect of S,

Umax

X+

Frgure 9 Evolution of U, along the heating zone, case of
constant wall temperature heating: n=0.5, and =1 (¥ is
ap.=0: Aisap,=004; Bis ap,=018; @ is ap,=0.29; V is
ap, =038, A is ap, =052, (] is ap,=062; and O is
ap. = 0.69)

-Log i (dp/dz)/(dp/dz) g |

10* 10 X+
Figure 10 Evolution of the reduced pressure gradient along the
heating zone, case of constant wall temperature heating: n = 0.5;
fF=1(¥is ap,=0; & is ap,=004;, W is ap.=0.18; @ is
ap.=029; Vis ap,=0.38; A is ap,=0.52; ] is ap, = 0.62;
and Q is ap, = 0.69)
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it is clear that Cf* decreases when f increases because of the
decrease of the viscosity.

It is always interesting to have a correlation that allows the
calculation of the pressure drop according to the various
parameters that govern the problem. To use the Churchill
and Usagi (1972) method, the asymptotic behavior has
been searched for close to the inlet and further down-
stream, The inlet area corresponds to the first stage in the
redistribution of the flow: Cf ¥ = exp(—¥), with ¥ =(1 —
ap,)-(0.42n2 —0.07n + 1.97)- B-X+017+%13n When the dy-
namic condition is developed, Cf* = Cf* and is given by the
following:
o=y

ap,

ap, # 0. Cf% =expl—HT, — T)]

if ap, =0

The application of Churchill and Usagi (1972) method leads to
an expression of Cf* as follows:

Cf*=UCI* P +(Cf*$*]' % 03<n<t: 0<ap, <07
and 05<p<2Xt =10 "

This expression has been confirmed in the different ranges of
variation of the various dimensionless parameters mentioned
below with a maximal deviation of 10% when compared to the
numerical results.

Heat transfer. The structure of the thermal field can be
illustrated by Figure 11, where some temperature profiles
have been drawn as well as the evolution of the thermal
boundary layer and the width of the plug core. The evolution of
the Nusselt number along the heating zone for n =05
ap, = 038 for four values of f: 0.5: 1; 1.5 and 2 is
given in Figure 12. Again, we notice an increasc of the Nusselt
number attributable to the thermodependency. The variation
of ap by the rheological properties modifies the wall shear rate
and, therefore, the heat transfer ratio. This modification is
integrated in the nonthermodependent case by the correction
factor A*1/3,

Last, a unique correlation has been sought for the entire

T-T,
T, - Te

o]
1 T T T g - T T —— i

i
'
. . . L l

0 L .
0 0.001 0002 0003 0004 0005 0006 0.007 0.008 0.009 0.01
X+

Figure 11 An example of the structure of the thermal field, case
of constant wall temperature heating: n=05; /' =1.; ap, =038
(1) X*=10"3; (2) X* =3 102 (3) X* =5. 103 and (4)
Xt =6910"3
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1 0-8 -5 -4 -3

x+

Figure 12 Evolution of the Nusselt number along the heating
zone, case of constant wall temperature heating: n= 0.5;
ap.=038 (O is =05 Disp=1, Ais =15 and V is
f=2)

length of the pipe according to Churchill and Usagi (1972)
method:

135 X~ —1:3\67|Li6
e

with A" * = exp(0.1/n)] (0.9 — 0.098) + (0.13 + 0.08xa8)7 f(ap,),
and f(ap,) = 1—0.02ap, — 0.tap?; il ap, < 0.7; n = 0.3, and in
the case of nonviscous dissipation. the asymptotic Nusselt
number is Nu, = (Nug,,), (A*'73), = 3.66(A*1/3) .

The maximum deviation between the Nusselt number
calculated from correlation (10), and the numerical results is
20%. The heat transfer with constant wall temperature is more
difficult to correlate than the case of constant wall heat flux
because of a sudden increase of temperature in the entrance
section.

At X' = 0.1, the variation of Nusselt number versus the
Cameron number does not present an asymptotic behavior. It
is particularly visible on the curve corresponding to ' = 0.5
(Tp — T,). As a matter of fact, far downstream, the conventional
local Nusselt number continues to decrease, and for a certain
axial position, it becomes infinite with negative value. Further
downstream, the local Nusselt number attains an asymptotic
value that is higher than that for Br = 0. This evolution is
because of the viscous dissipation. According to Lawal and
Mujumdar (1992), the fluid temperature rises because of heat
transfer from the wall and viscous heating. This latter
mechanism of heating depends upon the shear rate, which is
highest in the wall region. Hence; while T, is still greater than
T, an axial location is reached where the thermal gradient
becomes zero, so that the Nusselt number also becomes zero.
Thereafter, there is a heat flux reversal, with the fluid heating
the wall. The bulk temperature continues to rise until a location
is reached where it becomes equal to the wall temperature. At
this point, the local Nusselt number distribution exhibits
a singularity.

In our study, the Brinkman number defined by Br =
poUZ/AT, — T,)] varies between 0 and —0.01. For a constant
wall heat density rate, the effect of viscous dissipation is not
significant for the range of Brinkman numbers considered. For
a constant wall temperature, the effect of viscous dissipation
on the pressure gradient is weak. Concerning the Nusselt
number, the effect appears at large values of X *: X* > 0.01.
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Conclusion

A numerical analysis of the thermal convection for a
Herschel-Bulkley fluid in a cylindrical pipe has been
performed. Two boundary conditions have been considered,
constant wall heat flux and constant wall temperature. The
equations of conservation have been approximated by a
finite-difference method with a fully implicit scheme. All the
physical properties of the fluid are assumed to be constant
except for the consistency K., whose varation with the
temperature is given by K = K,exp (—=bT).

Constant wall flux heating

The thermal gradients at the wall induce a fluidification of the
product. An increase of the wall shear rate balanced by a
decrease of the velocity on the axis of the pipe is observed. The
axial velocity profile evolves until it reaches an almost flat
profile. This redistribution of the flow gives rise to a radial
velocity directed from the center of the flow toward the heated
wall. After analyzing the evolution of the flow structure in the
entire heating zone, it has been possible to interpret the
variation of the pressure gradient and of the heat transfer rate
as a function of the rheological parameters and of the
dimensionless grouping f. The following correlations relative
to the pressure gradient and to the local Nusselt number
depending upon various dimensionless parameters have been
offered:

Cf*(apﬂcm =
with

I *tap, -0y = €XpL — 25X 7) 0041
forO0<ap,<07:03<n< 1. and 3.75 < < 37.5 where
(dp/dz),,

{(dp/dz),,

Cf*[up, :Oi[l - apu] + ap.

Cf* = and p=bd,D2s

and
AAF]?
Nu=8[1 + 8.61.107° X*}

for 0.02 <ap, <0.7; 0.3 <n< 1.0. and 3.75 < ff < 37.5 with
A3 = g7 x=[0.13-0.0851] - [1 —ap,] [2.3— 1.3(1 —ap,)]:
A* = (1/4w)m + DAL —ap,), w =1 =201 —ap,)*/im + 3) +
ap (1 — ap)iim 4+ 2)]: m = 1/n.

Constant wall temperature heating

Because the asymptotic profile of temperature is flat T(r) = T,,.
the redistribution of the flow takes place in two stages. In the
first stage, the wall shear rate increases, and the centerline
velocity decreases. At the end of the first stage, the axial velocity
profile is flattened. In the second stage, the “flattened™ profile
tends asymptotically toward an established isothermal profile.
calculated at the wall temperature. As with constant flux
heating, the pressure gradient and the heat transfer ratio are
analyzed according to the evolution of the flow structure.
Finally, the following correlations are presented for the
pressure gradient and the heat transfer rate.

Cr* =[CI*)* +(CrH°1*%: 03<n<1;0<ap, <07
and 05<p <2

Cf¥ =exp(—Y)
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with
¥ = (1 —ap,)-(0.42n% — 0.07n + 1.97)’[3"X+0'17+0‘13";
) ap, .
Cf* = — if ap, #0;
ap .,
Cr* = expl—WT,— T} i ap.=0
and
135 X+ - 1,3\ 67]1/6
Nu = Nu,{:l i — | — >
Nu, \A*A’
with

A3 — expl0.1/m)[(09 — 0.09n) + (0.13 + 0.08n8] - f(ap,)
and
flap,) =1 —0.02ap, — 0.1ap?

if up, <0.7, n=0.3, and without viscous dissipation, the
asymptotic Nusselt number is Nu, = (Nuyg.,)(A*'?), =
3.66(A*1 3,
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Appendix

The asymptotic Nusselt number in the case of independent
physical properties and under the boundary condition of
constant wall heat density flux is as follows:

Nuj — u,if%w;,, S
0.25 + 4G(1 —ap,)~ ™2
G- (I —ap™ 5(m + 4 + ap,)
(m 4+ 2)m + 3)m + 4)m + 5)
LU= ap?™ 3 2m + 5 +ap,) (1~ ap)Pmte

Am+ 2%m 4+ 3)2m+ 5 (m+ 2)%m + 3)2

(1 —ap,)*™"*m? + 2ap,m + Tm + 2ap? + 6ap, + 12)
(m + 2)m + 3)m + 4)m + 5)
1 m

-7 Cl _ 1 - 2m+6—1
{m+ 2)%m + 3)* =% 2ol (= apa)( ape ]

2mt+ 6

ap? |
- =% —— - log ap,
(m + 2y (m + 3)? £ ap
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